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Fioure 9. Comparison of the model results against the experimental data by Ito & Tanimoto
(1972) in terms of normalized wave amplitude with respect to the incident amplitude. A,
Experiment; ——, present nonlinear model; ~——, nonlinear parabolic model.

amplitude. In each figure, nonlinear results of the present model are given by solid
lines, while triangles indicate measured data points. The results of the large-angle
parabolic model of Kirby (1986) are also given by dashed lines. This model uses the
minimax approximation to obtain better accuracy for waves propagating at large
angles. Both models predict the measurement reasonably well,

In order to test the model for a large angle of incidence, the flat bottom in figure
8 is extended to y ~ 4.8 m and the wave focusing is modelled for two different
incident angles: 8, = 45° and 6, = 60°. To satisfy the lateral periodicity of the wave
field, the model width is taken to be an integer multiple of the lateral wavelength of
the incident wave field but close to 4.8 m. Otherwise the discontinuity of the initial
wave field at the side boundaries propagates into the domain, contaminating the
solution. A qualitative comparison with the results of normal incidence can be made
by comparing the contour maps of wave amplitude or instantaneous surface
elevation for each incident angle. For a more quantitative comparison, the variation
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Fiaure 10. Comparison of the model results of ¢, = 45° and 6, = 60° against those of normal
incidence in terms of normalized wave amplitude with respect to the incident amplitude at section

3 indicated in figure 8: (a) present model, (b) parabolic model; , normal incidence; @, 45°;
0O, 60°.

of the normalized amplitude along the section 3 (in figure 8) for different angles of
incidence is plotted in figure 10. The values of normal incidence are indicated by a
solid line, and the solid and open circles indicate the values at 6§, = 45° and 60°,
respectively, which were obtained by digitization from the contour maps of
normalized amplitude. A similar figure for the parabolic model of Kirby (1986) is also
presented.

The results of the present model for 6, = 45° closely follow those of normal
incidence except near the right depression, whereas for §, = 60° the disagreement is
more pronounced, especially on the right-hand side of the caustic cusp. The overall
shapes of the results of the parabolic model for 6, = 45° and 60° are very similar to
that for normal incidence, but they are shifted to the left, indicating that the focused
wave fields for 6, = 45° and 60° rotate towards the positive z-direction. The shift
becomes severe with increasing angle of incidence, and it is more prominent on the
right-hand side of the caustic cusp.

Dalrymple et al. (1989) have presented a simple theoretical analysis regarding the
accuracy of their angular spectrum model in terms of lateral depth variation and
wave propagation angle, concluding that in order for their model to be accurate for
a large angle of incidence, the lateral depth variation should be small. A similar
analysis can be applied to the wave-bottom interaction terms involving v in the
present model (4.54). The height of the shoal in the above example is £ of the water
depth on the flat bottom (unusually high considering the normal situation in real
cases). In order to examine the effects of the magnitude of the lateral bottom
variation, we have tested the model for a shoal having half the height of the shoal
shown in figure 8 (i.e. A, = 0.1 m in equation (6.7)). Figure 11 presents results similar
to those presented in figure 10 for smaller shoal height. The results for 6, = 45°
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Ficure 11. Same as figure 10 for the results of the test with smaller shoal height.

almost exactly match those of normal incidence in both models and those for 8, =
60° also give good agreement with the normal incidence.

There are some other problems associated with the large-angle propagation in this
example. First, the constant-depth region before the shoal (z < 0.4 m in figure 8)
should be affected by the presence of the shoal if a large angle of incidence is
modelled, but this is not detected by the model since it does not include
backscattering waves. Secondly, the assumption of lateral periodicity makes the
effect of the imaginary upwave shoal appear in the domain to be modelled when a
wave is incident at a large angle. The latter problem can be resolved by taking a
wider domain.

7. Conclusions

The present study has developed an angular spectrum model for predicting the
transformation of Stokes waves due to refraction, diffraction, shoaling and nonlinear
wave interactions in water of varying depth but free of ambient currents. The
bottom slope is assumed to be O(e?) and the deviation of the actual depth from the
laterally-averaged depth is assumed to be O(¢) of the laterally-averaged depth. In
order for the model to be valid for the case in which waves propagate at large angles
from the z-direction, the second assumption should not be violated.

Through the example for wave focusing behind an elliptic shoal on a sloping beach,
the present linear model has proved to predict the wave transformation on an
irregular bathymetry much better than the linear model of Dalrymple et al. (1989),
probably owing to the more elaborate expressions for the wave—bottom interaction
in the present model. The nonlinear models, however, did not show big differences
between each other and both predicted the measurement reasonably well. The
advantages of the Dalrymple et al. nonlinear model are that it can be applied over
the entire range of water depths and that the effects of ambient current can be
included easily by modifying the dispersion relationship. The advantage of the



An angular spectrum model for propagation of Stokes waves 231

present model is that it can be extended to a random directional wave field including
the nonlinear interaction among the waves with different frequencies as in Suh
(1989).

This work is partly a result of research sponsored by NOAA Office of Sea Grant,
Department of Commerce, under Grand no. NA86AADSG040. J.T.K. received
support from the Office of Naval Research, contracts N00014-86-K-0790 and
N00014-89-J-1717. The US Government is authorized to produce and distribute
reprints for governmental purposes, notwithstanding any copyright notation that
may appear herein.

Appendix. Summary of the forcing terms

The forcing terms in the boundary-value problems (3.14)-(3.17) are summarized as
follows:

=0 A1)
F, = _¢1m1 _¢1,11a (A2)
F=- 5151%1761 - ¢1“2 - ¢1,2, - ¢2ul - ¢2,1,= (A3)
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