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A solution method for the shallow water equations governing wave motions in the
nearshore environment is presented. Spatial derivatives contained in these equations
are computed using spectral collocation methods. A high-order time integration
scheme is used to compute the time evolution of the velocities and water surface
elevation given initial conditions. The model domain extends from the shoreline to a
desired distance offshore and is periodic in the longshore direction. Properly posed
boundary conditions for the governing equations are discussed. A curvilinear moving
boundary condition is incorporated at the shoreline to account for wave runup. An
absorbing—generating boundary is constructed offshore. The boundary treatments are
tested using analytical and numerical results. The developed method is applied to the
prediction of neutral stability boundaries and equilibrium amplitudes of subharmonic
edge waves. Numerical results are compared to weakly nonlinear theory and are found
to reproduce the theory very well. © 1997 Elsevier Science Limited.
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1 INTRODUCTION

The nonlinear shallow water equations are a set of coupled
hyperbolic equations governing many types of processes in
the nearshore region. They have been widely employed to
model long wave propagation in a variety of cases including
tsunami propagation or tidal oscillations. They may also be
utilized to model short surface wave propagation, if provi-
sion is made to account for dissipation due to wave break-
ing. Finally, they provide a theoretical basis for modeling
currents and other quasi-steady flows.

Recently, it has been demonstrated that longshore cur-
rents induced by obliquely incident waves breaking on a
beach may be unstable to perturbations which induce undu-
lating flow patterns in the longshore direction and time
[1,2]. The nonlinear shallow water equations provide a
good basis for modeling the long-time evolution of these
instabilities. Viewed in isolation, these instabilities induce
flow perturbations which are primarily horizontal in nature
(with vorticity as the primary restoring force), and thus can
be studied using rigid-lid models [3]. However, these
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motions occur in a complex surf zone environment charac-
terized by a number of additional low frequency metions,
including edge waves and surf beat, which are primarily
gravity dominated. The nonlinear shallow water equations
provide the leading order approximation of the free surface
effects needed to study vorticity and gravity-dominated
motions in tandem.

In this paper, we present a numerical treatment of the
nonlinear shallow water equations which is specialized to
motions which can be assumed to be periodic in the long-
shore direction. Our aim here is to describe the numerical
approach and to verify it in comparison to analytical results
for the case of gravity wave motion. Tests involving vorti-
city waves are not described here, as there are no documen-
ted ‘correct” answers that would serve as a basis for model
verification. Instead, results on the evolution of shear
instabilities of longshore currents in the surf zone will be
described elsewhere (see Ozkan and Kirby [4] and Ozkan-
Haller and Kirby [5] for preliminary results).

First, a solution method for the nonlinear shallow water
equations using Chebyshev collocation in the shore-normal
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direction in conjunction with Fourier collocation in the
shore-parallel direction is presented. The properly posed
boundary treatments for these equations are discussed. A
curvilinear moving boundary condition at the shoreline is
constructed using an Eulerian model in conjunction with a
moving grid. This boundary condition is tested for both one-
and two-dimensional shoreline runup.

An absorbing—generating boundary condition at the off-
shore boundary is derived based on the method of charac-
teristics. It is tested for waves leaving the domain at normal
or oblique incidence to the artificial offshore boundary.

As we are primarily interested in using the solution
method developed here to study the onset and evolution of
instabilities of the surf zone longshore current, the question
of whether the method is capable of reproducing unstable
behavior in a well-understood case is of extreme impor-
tance. We thus conclude the paper with an analysis of the
growth of subharmonic standing edge waves, which evolve
on a long straight beach as a result of an instability of a
normally incident (and reflected) long-crested wave. This
instability has been studied extensively, and predictions
for equilibrium edge wave amplitudes as a function of inci-
dent wave conditions and frictional damping rates are avail-
able. We show that the present method is capable of
reproducing the neutral stability boundaries and equilibrium
amplitude predictions for this particular class of motions.

2 GOVERNING EQUATIONS

In this study, a two-dimensional horizontal model of the
non-dispersive continuity and momentum equations is
used. The governing equations, given below, are the non-
linear shallow water equations:

DI+(uD)x+(VD)y=O n
U, + uity + v, = — gn, (2)
Ve +uve + vy, = —gm, 3)

Here, 7 is the water surface elevation above the still water
level, A is the still water depth, D = h + 7 is the total water
depth, u and v are the velocity components in the x and y
directions, respectively, where x points offshore and y
points in the longshore direction.

The domain in which these equations are solved is shown
in Fig. 1. It is bounded by a curvilinear moving shoreline at
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Fig. 1. Physical domain.

x = {(y,1). This representation of the shoreline boundary
imposes the restriction that the shoreline position be
single valued. The kinematic condition for the shoreline
dictates that

G=ut = @

where the superscript s denotes that the variables are eval-
uated at the shoreline. The physical requirement for a
shoreline to exist is

D=h+7=0 on x=¢{(@,1) 5)

Furthermore, the domain is bounded by an open boundary
at x = L,. The characteristic horizontal length scale is
denoted by L. Periodicity is assumed in the y direction.

Using spectral collocation schemes to determine the spa-
tial derivatives and an explicit time-stepping scheme, the
most straightforward boundary treatment at, say, x = L,
would be to specify one of the unknowns at the boundary
(e.g. u) and update the other two unknowns (v and D) at the
boundary using eqns (1)-(3). Although this type of
approach is acceptable when using finite difference
methods, it is strongly unstable when spectral collocation
methods are used [6]. The reason is that the use of egns (1)
and (3) for the evolution of D and v is an incorrect extra-
polation of the equations to the boundary.

In order to impose the onshore and offshore boundary
conditions properly, we use the method of characteristics
and rewrite the governing equations in the unknowns u, v
and D in terms of variables that carry information across the
onshore and offshore boundaries (herein called the 8-char-
acteristic variables) as well as along those boundaries
(herein called the -y-characteristic variable). This manipula-
tion is carried out following Abbott [7].

The governing equations can be written in matrix form as

q;+Aq,+Bq,=C 6)

where

v 0 0 u g 0 v
0

and C= | gh,
gh,

The eigenvector matrix P of the matrix A is given by

—3/Dlg 1\/Dlg 0
0 0 1

Premultiplying eqn (6) by the inverse matrix P! gives
P 'q,+(P 'APP !q,+ (P 'BP)P 'q,=P"'C
)]
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Algebraic manipulation of this equation results in
w,+A'w,+B'w,=C’ (10)

where

[u— /gD 0 0

A'= 0 u++/gD 0
[ o 0 u
v 0 — /gD
B = 0 1% VgD
| — % gD %\/gD 1%
ghx
and C' = | gh, D
ghy
The unknown vector w is defined by
u—2./gD B~
w=|yu4+2./gD| = |8" (12)
v Y

The three equations can now be written as

B, +u—0c)B, +vBy —cyy=2cocox (13)
B ++0)B +vBy +cvy=2cocox (14)
¥ Huye vy, = — 8y (15)

Here, ¢ is the nonlinear shallow water wave speed
\/g’ =+/g(h+1) and c( is the linear shallow water
wave speed \/g7 Note that, in the absence of longshore
variability, the above equations reduce to uncoupled one-
way wave equations. As desired, the variables 3~ and Bt
carry information across the onshore and offshore bound-
aries whereas the variable v carries information along those
boundaries.

Note that the equation governing B =u+2c
(8~ =u — 2c) carries information in the + x ( — x) direc-
tion and is therefore valid everywhere inside the domain and
on the right (left) boundary point but not on the left (right)
boundary point. The equation governing the evolution of the
glancing variable y = v is valid everywhere in the domain
including the boundary points.

In order to impose the boundary condition at x = L,
properly, the incoming (3 variable 8~ has to be specified,
while the outgoing (3 variable 87 and the glancing variable y
can be computed using eqns (14) and (15), respectively. The
simplest boundary that can be constructed in this manner at,
say, x = L, is a fully reflective wall boundary, where *and
~ are calculated using eqns (14) and (15) and 87 is specified
as 3~ = — B7. Numerical calculations using this condition
lead to stable solutions.

3 TREATMENT OF MOVING SHORELINE

Gravity driven motions in the nearshore region have signif-
icant shoreline runup associated with them. The most com-
monly used techniques to model shoreline runup are
Eulerian models with fixed numerical grids or meshes.
Examples of the implementation of such methods can be
found in studies of solitary wave and tsunami runup such
as Liu et al. [8]. In these methods the shoreline is defined as
the interface between wet and dry cells; therefore, it is
usually defined within the accuracy of the grid size. The
shoreline is advanced or retreated in discrete steps. The
amount of movement is dictated by the volume flux at the
last wet point. These methods are fairly straightforward to
implement. However, the impulsive filling of a cell with
fluid can lead to numerical problems or time step constraints
unless treated carefully. Also, an a priori estimate of the
maximum runup needs to be available in order to keep the
domain large enough to accommodate it.

Lagrangian methods are very well suited for the treatment
of moving boundaries. In these methods, the fluid is repre-
sented as a large number of fluid particles. Tracking the
position of a particle at the shoreline is in general no more
difficult than tracking a particle in the interior of the fluid.
Examples of computations for solitary wave runup using
Lagrangian methods are presented by Pedersen and Gjevik
[9] and Zelt and Raichlen [10]. However, Lagrangian meth-
ods employed in regions with a net streaming velocity (such
as the longshore current in the surf zone) may require fre-
quent regridding, since the computational grid would tend to
be advected and sheared by the steady flow.

Eulerian models with deforming grids are less frequently
used in association with long wave runup. Lynch and Gray
[11] and Gopalakrishnan and Tung [12] reported techniques
whereby moving boundaries can be treated by finite element
Eulerian models. They involve moving grids where one
boundary of the grid tracks the position of the shoreline,
and are more difficult to implement than methods involving
a fixed grid. However, they do not exhibit the problems
associated with grid draining and filling in fixed grid
models, and would not experience the difficulties associated
with steady flows in a purely Lagrangian model. Therefore,
we have chosen to develop an Eulerian model with a
moving grid for application to the surf zone in the present
study.

The problem at hand consists of solving a set of well-
known governing eqns (13)—(15) in a complicated physi-
cal domain bounded by one curvilinear moving boundary
defined by eqns (4) and (5) and three stationary bound-
aries. The challenge of modeling the moving boundary
can be overcome by mapping the variable size domain
onto a fixed domain. Such a transformation will lead to
a grid that follows the shoreline with one grid boundary
and will introduce additional terms into the governing
equation.

The coordinate transformation from the physical vari-
ables x € [{(y,).L,] and y € [0,L,] to the intermediate
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Fig. 2. Shoreline boundary condition: transformation from the
physical to the intermediate domain.

variables ¢ € [0,L,] and ¥ € [0, L,] used here is given by

x=¢+{00e y=y (16)

A stationary orthogonal grid in the (¢,¥) domain corre-
sponds to a physical grid that is following the shoreline
(see Fig. 2). The movement of the grid lines is damped
out exponentially with offshore distance so that the grid
is almost stationary at a certain distance offshore. This
distance is dictated by the value of the parameter o. As a
result of the transformation, the derivatives in the govern-
ing equations are altered, resulting in a few additional
terms. The derivatives in the governing equations now
become

Oce=O4lg + g 17)
Ox=0)g®x

Oy =0y + sy

where ¢(x,y,t) is given by eqn (16) and (),l, and (),Lb
denote time derivatives in a reference frame where x and
¢ are fixed, respectively.

The intermediate grid in the variables ¢ € [0,L,] and
¥ € [0, L,] obtained above is next mapped onto a computa-
tional grid in the variables s € [ — 1,1] and r € [0,L,] (see
Fig. 3). Given the positions of the computational points in
the (s,r) domain, a variety of coordinate transformations can
be used depending on the desired distribution of the interior
points in the (¢,¥) domain. Examples of frequently used
transformations are given in Boyd [16]. One of the simplest
transformations is

¢=L(1+s), ¥=r (18)

Since a linear relationship between the intermediate vari-
ables (¢,¥) and the computational variables (s,r) is dictated
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Fig. 3. Transformation from the intermediate to the computational
domain.

by this transformation, the grid point distributions chosen
for s and r are preserved in the physical grid.
The coordinate transformation

1+s

¢=L )
Sg— S

v=r 19)

has the effect of concentrating grid points in the physical
domain in the vicinity of the shoreline and is used for the
runup simulations in Section 6.1. This transformation also
presents the opportunity of modeling a domain where the
offshore boundary is located at infinity since the location of
the offshore boundary is dictated by the value of the para-
meter s¢. If the offshore boundary is located at infinity s,
equals unity. In this case a physical domain in the shape of
a semi-infinite strip is modeled while the computations are
carried out in a box-shaped domain. For a finite offshore
width 5o > 1. Many other transformations are possible and
their incorporation into the solution scheme is trivial so that
the grid point distributions can be tailored to the case at
hand.

As a result of this second transformation the derivatives
in the governing equation are further modified and become

( )t lx = ( )rls + ( )ssqbd)t (20)
( )x = ( )ssdad)x
( )y =() +( )ss¢¢y

where (),l, denotes time derivatives at fixed values of s.
As a result of the two coordinate transformations the
governing equations now read

6r_ + [S, + sx(u -0+ syvlﬁs—- + vﬁr- = CYr — §,CYs
= 25,0C0s (21)

B + s+ s,(u+c) +s,v18 +vB, + oy, + 5,07,
= 25,C0C05 (22)

Yo+ [s¢ +s,u+ syv]'Y: T VY= — 8N — 85y (23)

At the shoreline c = \/g_D=O, and the equations in the 8-
variables collapse into one redundant equation and no
information about the values of the B-variables can be
deduced. However, the velocity at the shoreline can be
determined using the x-momentum equation

w + [s + s’ + 5,0 Jug + vilp = — gs.; (24)

where the superscript s denotes that the variables are eval-
uated at the shoreline. After applying the two coordinate
transformations the kinematic condition eqn (4) reads

G=u —V'E, (25)

The physical requirement eqn (5) for a shoreline to exist
becomes

D=h+n=0o0ns= -1 (26)

The evolution of the wave field is calculated by time
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stepping eqns (21)-(23) along with eqns (24) and (25)
while imposing the condition stated in eqn (26) and an
offshore boundary condition to be discussed next.

In the following sections, it will be shown that this bound-
ary treatment compares favorably to analytical and other
numerical results. However, in some situations, especially
when steep waves are involved, it causes grid points to run
up the shore to form a very thin film of water on the beach.
As a result grid points are lost to the beach and the resolu-
tion of the solution is decreased. Therefore, it is necessary to
prevent the occurrence of a thin film which is evidenced by
more than one grid point with D < Dy, associated with
them. The parameter D ., is a threshold value appropriate
for the application and should be chosen in relation to the
runup amplitude and beach slope associated with the appli-
cation as well as the grid point distribution. Care should be
taken to choose Dy, to be significantly smaller than the
depth value at the first grid point seaward of the shoreline at
the initial time level.

If the occurrence of a thin film is detected during a simu-
lation, the shoreline position is redefined as the average of
the positions of the most seaward point with D < D .., and
the next offshore point with D > Dy .. The row at the
longshore positions where the thin film was detected is
then regridded. In order to minimize computational time,
in this study a nonzero value for D 4, is only used if visual
inspection of preliminary results for a case shows the occur-
rence of a thin film.

4 OFFSHORE ABSORBING-GENERATING
BOUNDARY

An absorbing—generating boundary condition needs to be spe-
cified at the offshore boundary to simultaneously allow waves
to exit the domain of interest with minimum reflection as well
as specify incoming waves at the offshore boundary. The logic
of the absorbing—generating boundary condition can be best
understood when the problem is reduced to a one-dimensional
case. The extension to the two-dimensional problem follows in
a straightforward manner.

4.1 One-dimensional problem

In one dimension, the governing equations at the offshore
boundary x = L, reduce to

B +u—0)B; =2coco, 27
B + (e + 0B =2¢oco (28)
which are uncoupled one-way wave equations. The char-
acteristic variables are given by 8~ = u — 2c¢ traveling in

the —x direction and ¥ = u + 2c traveling in the +x
direction.

If an outgoing wave exists in the absence of an incoming
wave, the incoming characteristic will carry no information
and will reduce to 8~ = u — 2¢c = - 2c¢,. Therefore, the

particle velocity associated with the outgoing wave is Uy, =
2con — 2cp, where ¢y = 1/g(h+1n0y). In this case the
boundary condition at the offshore boundary x = L,
would be constructed by computing the outgoing character-
istic 8 using eqn (28) and specifying the incoming char-
acteristic §~ as — 2c,.

In turn, if an incoming wave exists in the absence of an
outgoing wave, the outgoing characteristic will carry no
information and will reduce to 8% = u + 2¢ = 2¢,. The
particle velocity associated with the incoming wave is then
Un= — 2ci + 2c¢, where ¢, = 1/g(h+ n;,). The specifi-
cation of the boundary condition is again straightforward;
B can be computed using the governing equation and 8~
has to be specified as the incoming wave.

Assuming that the incoming and outgoing waves exist
simultaneously but that their particle velocities are indepen-
dent of each other, the observed velocity at the boundary is u
= Up + Ugy = 2(coe — ¢in) and the total water surface
elevation is 7 = 9, + fou. This assumption is equivalent
to superimposing the incoming and outgoing waves at the
boundary. However, this superposition does not imply a
linearization of the problem at the boundary since the
velocities associated with the waves are calculated using
the nonlinear equations. As a result, the interactions
between the incoming and outgoing waves are neglected
while the self-interactions of these waves are included.

4.2 Two-dimensional problem

The extension of the above ideas to the two-dimensional
case has previously been presented by Verboom and Slob
[13] for the case of wave absorption for a viscous fluid. A
similar technique has been used by Van Dongeren et al. [14]
for simultaneous absorption—generation in the context of
long wave propagation.

The technique involves defining the particle velocities of
the incoming and outgoing waves as U, and U, respec-
tively, along with their components in the x direction u;, and
Uqy and their components in the y direction v;, and v, (see
Fig. 4). Known quantities at the offshore boundary x = L,

Outgoing wave Usut

\ Vout
Uout
U,

n

x x=1L,

Fig. 4. Sketch of the offshore boundary.
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are variables associated with the known incoming wave u;y,

Vin and 7n;, as well variables determined from the governing

equations v=v,+v,, and BT =u+2c where u=

(tin, + ttpy;) and c=+/g(h + i + Nou)- The unknowns are

the x-component of the outgoing wave particle velocity

Uoy and its propagation speed ¢, which is defined above.
The total celerity ¢ can be rewritten as

& =ch+chu—ch (29)

Since 87 = u + 2c¢ is known, we can write
dcou=B" —u)’ —4c}, +4c; (30)

From the discussion about the one-dimensional problem,
we can deduce that in the absence of any interaction with
the incoming wave, the particle velocity of the outgoing
wave in the propagation direction is given by,

Ugut = 2¢u — 2¢9 a30n
or,

Acgu = (Uou + 2¢0)° (32)
Equating the right-hand sides of eqns (30) and (32),
rearranging and using u = (U, + Ugy) gives

o = (8" = thin) = [Ugu + 4Uouo + 4] (33)

Using geometrical arguments (see Fig. 4), it can be stated
that U2, = uly + v Substituting the expression for uqy,
given in eqn (33) and rearranging gives

dUgul + erut +f =0 (34)
where
d=(B" —upn —2c0)(B™ — in +2¢o) (35)

e=2¢ol(B™ — uip)* — Vi — 4ct]

f=—NB" —ujp — 26 + 2]
X [(B+ — Uip + 2Cin)z + ng]

Now, the unknown particle velocity U, can be found to be

(—e* /e —adf)/(2d) ford #0
Uy = (36)
—fle ford=0
Therefore
Uoue = Sgn(Uout) Ugul - Vgut (37)

Cout=Co + %Uout
The incoming {3-variable can be specified as

B = (uin + tow) —2¢ (38)
where ¢ is given by eqn (29).

5 NUMERICAL SOLUTION METHOD

Traditionally, the most straightforward method to solve the

shallow water equations has involved making finite differ-
ence approximations of spatial derivatives in conjunction
with an explicit or implicit time-stepping scheme. The accu-
racy of such methods is limited due to truncation errors
associated with the difference approximations. These errors
usually arise in the form of dispersion or dissipation errors.
More recently, spectral and pseudospectral methods have
become more popular. A wide variety of spectral schemes
exist and are reviewed in Canuto et al. [15] and Boyd [16].
A recent application of spectral schemes to water wave
propagation problems has been performed by Panchang
and Kopriva [17] who used a Chebyshev collocation
method to analyze short wave propagation over complicated
bathymetry. In addition, Falqués and Iranzo [18] applied
spectral collocation methods to the linear shallow water
equations. Dalrymple et al. [19] compared several spectral
methods in the context of forward propagating water waves.

When compared to finite difference methods, spectral
methods give more accurate approximations for spatial deri-
vatives, as they have no truncation errors and therefore lead
to more accurate solutions with less dispersion and dissipa-
tion errors. For smooth solutions, the error in the derivatives
asymptotically decays faster than any order polynomial [15]
compared to a low fixed order polynomial for finite
difference derivatives. Furthermore, spectral methods can
be tailored to suit the motions of interest since basis func-
tions for the spectral derivatives can be chosen to naturally
satisfy the boundary conditions and variable grid spacing
can easily be incorporated to achieve high resolution where
steep solutions are expected. In this manner a solution of the
desired accuracy can be achieved with far less spatial points
and therefore, less computational time than with finite differ-
ence schemes. Since these are desired features of the solution
method developed here, spectral collocation schemes are
employed herein for the computation of the spatial derivatives.

Given initial conditions for the water surface elevation 5
and the velocities u and v, the governing equations given in
eqns (21)—(23) are integrated in time using an explicit third-
order Adams—Bashforth scheme. The governing equations
can be written in the form

Bt— = Fl (TI’ u, V) (39)
B =Fa(n,u,v) (40)
'Yr=F3(TI,u, V) (41)

The definitions for F,(n,u,v), F5(n,u,v) and F3(n,u,v) con-

tain spatial derivatives of their arguments and can be

obtained by comparing eqns (39)—(41) to eqns (21)—(23).
The third-order Adams—Bashforth scheme is given by

B YT =)+ %[231?7 —16F} ! +5F7 7]
(42)

@Yt =ty + %[231?; —16F; ' +5F; ]
(43)






