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6. Refraction of waves over a plane slope

The results in the preceding section have demonstrated successfully the present
models’ ability to predict the transfer of energy to harmonic components during
the process of nonlinear focusing. However, measured and predicted amplitudes of
the fundamental component were markedly different along the channel centreline,
indicating either erroneous predictions by the model or some inconsistency in
Whalin’s reported data. For this reason, it was desirable to compare the present
models’ results with some case for which analytic results are available. Such a case has
been provided by Skovgaard & Peterson (1977), who used the properties of a very
slowly varying train of cnoidal waves to develop a theory for the refraction and
shoaling of obliquely incident waves on a plane beach. This situation has also been
studied recently by Madsen & Warren (1984), who obtained a numerical solution for
the case of waves propagating in a rectangular channel containing a plane slope
oriented at an angle of 26.6° to the channel sidewalls. Madsen & Warren used a
time-dependent, finite-difference solution of a set of conservation laws equivalent to
(2.3) and (2.4) to obtain their numerical results. Here, we use the parameters chosen
by Madsen & Warren and study the same channel configuration ; however, we neglect
the lateral boundary damping employed by Madsen & Warren in order to study the
details of the reflection process at the vertical, impermeable sidewalls. The
computational domain is given by 0 € 2" < 2154.5 m, 0 < ¥’ < 1534.5 m, with waves
normally incident at x = 0. Slope-oriented coordinates are given by

% = (2 —420) cos (26.6°) — (y’ —775) sin (26.6 )’} 6.1)

7 = (x’ —420) sin (26.6°)+ (y° — 775) cos (26.6°),

with water depth given by
21m, <0,

M, y)=1(21-00137)m, 0<% < 10769 m, (6.2)
Tm, x> 10769 m.
Wave parameters for the problem are given by:
T = 17.3 s = wave period;
H = 1.74 m = wave height at 21 m depth;

which gives a deep-water wavelength L, =467.1m and an Ursell number
U, = (H/2K)/(k'R’)> = 0.13 in the deep-water portion of the channel. Initial con-
ditions for the calculation are thus specified according to a third-order Stokes wave at
z = 0. A total of N = 6 components are retained, and the computational domain is
divided into a rectangular grid with either Az’ = Ay’ = 15.5 mor Az’ = Ay’ = 10.0 m.
The larger grid spacing is used to be consistent with that used by Madsen & Warren
(Az” = Ay’ = 15.56 m). The smaller grid spacing is used to eliminate plotting errors
when reproducing the narrow wave crests. Wave heights calculated using the larger
grid spacing agree in detail with previous numerical computations.

A plot of the model topography is given in figure 6 along with a photograph of
the instantaneous water-surface elevation, with contour increments of 1 m for bottom
topography and 0.4 m for surface elevation. As the wave shoals, refraction effects are
apparent in the centre of the channel, and the wave develops from nearly sinusoidal
form to shallow-water profiles with narrow crests and broad troughs. The formulation
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Ficure 6. Bottom topography and contours of instantaneous surface elevation at ¢ = 0; ————,
bottom contours in increments of 1 m, Tm <k < 21 m; , contours of free-surface elevation
in increments of 0.4 m.

T T
1200

of a ‘Mach stem’ is apparent on the fifth boundary, where refraction turns the
incident wave towards the wall, inducing a grazing-incidence reflection as in the study
of Yue & Mei (1980). Some high-frequency modulation along the wave crests appears
due to the combined effect of plotter error and numerical discretization:; this
modulation is significant for the choice Az’ = Ay’ = 15.5 m but disappears rapidly
with decreasing grid spacing.

A plot of normalized wave height H/h versus normalized water depth 4/L, for
¥’ = 750 m is given in figure 7 in comparison with the refraction model of Skovgaard
& Peterson (1977) and the time-dependent numerical results of Madsen & Warren
(1984). These results were obtained using Az’ = Ay’ = 15.5 m, in agreement with
Madsen & Warren’s calculations. The evolution of H/k is seen to be quite smooth up
to the shallower depths, with the plotted points (corresponding to every fifth
computational point) agreeing quite well with the refraction theory. In the shallow
portion of the tank, some modulation of the local wave height is present, possibly
due to interaction with the lateral boundaries. Wave height H was obtained by
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Ficure 7. Normalized waveheight H/h as a function of h/L,: ——, refraction results of Skovgaard
& Peterson (1977); A A A\, numerical results of Madsen & Warren (1984); ..., present numerical
results. Error bar ¢ at k/L, = 0.015 indicates range of H values in shallow part of tank due to
short-wave modulation.
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Fi1cure 8. Free-surface profiles for cnoidal wave refraction: (a) along y = 750 m, near the
centreline of channel and (b) along y = 0 m, sidewall and through ‘Mach-stem’ region.
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stepping the individual components through time to construct {'(z’, ', t') and then
taking H(z', y’) to correspond t0 {y .. — Emin, & Crest-to-trough measure.

Refracted angles of incidence between the wave and slope also agreed quite well
with the refraction model and are not shown.

Plots of the water-surface profile along the line y° = 750 m and through the ‘Mach-
stem’ region ¥’ = 0 m are shown in figure 7 (e and b). In both cases, the results show
the presence of separate peaks in the wave troughs. This effect was also noted in the
results of Madsen & Warren and was attributed by them to the effect of truncation
errors, although no physical evidence exists to exclude their possible physical
existence. The rapid evolution of a nearly uniform wavetrain is evident in the
‘Mach-stem ’region in figure 6. We note that, due to the narrowness of the wave crests,
displacement of these crests away from actual computational grid points may
contribute significantly to the modulation of crest elevations ,,, which is apparent
in the plotted results.

7. Concluding remarks

The present study has demonstrated that the parabolic equation method may be
applied successfully to the modelling of weakly nonlinear, weakly dispersive wave
motions governed by the Boussinesq equations. The present study has been confined
to the investigation of the propagation of monochromatic waves together with their
nonlinearly generated harmonics. However, given the necessary computer capacity,
the method is directly applicable to the problem of modelling two-dimensional
spectral evolution in shallow water.

In this study we have neglected the effects of frictional dissipation and wave
breaking; the models in their present form are thus applicable to the region seaward
of the surf zone. The inclusion of wave-breaking effects in the models may be expected
to be a non-trivial extension of the present results, since the models do not directly
calculate the total wave height at each computational point.

The model developed here could be used for modelling an entire spectrum of wave
motion, thus extending the work of Freilich & Guza (1984) to two horizontal
dimensions. Computer times required are likely to be large but may be manageable
on standard computers for simulations involving less than one hundred spectral
components, using a revised form of iteration for the nonlinear terms, which
decouples the Crank—Nicolson step for each equation.
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(JTK). The possible utility of the K—P equation in the study of combined refraction
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REFERENCES

Boo1s, N. 1981 Gravity waves on water with non-uniform depth and current. Rep. 81-1, Dept.
Civil Engng, Delft University of Technology.

BryanT, P. J. 1982 Two-dimensional periodic permanent waves in shallow water. J. Fluid Mech.
115, 525-532.

DaLryMPLE, R. A,, KirBy, J. T. & Hwang, P. A. 1984 Wave diffraction due to areas of energy
dissipation. J. Waterway, Port, Coastal and Ocean Engineering, ASCE 110, 67-79.



Nonlinear refraction—diffraction of waves in shallow water 201

FreiLice, M. H. & Guza, R. T. 1984 Nonlinear effects on shoaling surface gravity waves. Phil.
Trans. R. Soc. Lond. A311, 1-41.

Jounson, R. 8. 1972 Some numerical solutions of a variable-coefficient Korteweg—de Vries
equation (with applications to solitary wave development on a shelf). J. Fluid Mech. 54, 81-91.

Kapomrsev, B. B. & Perviasuvini, V. 1. 1970 On the stability of solitary waves in weakly
dispersing media. Sov. Phys. Dokl. 15, 539-541.

KirBy, J.T. 1984 A note on linear surface wave—current interaction over slowly varying
topography. J. Geophys. Res. 89, 745-747.

Kmrey, J.T. & DaLrymprLE, R. A. 1983 A parabolic equation for the combined refraction—
diffraction of Stokes waves by mildly varying topography. J. Fluid Mech. 136, 453—466.

Liu, P. L.-F. 1983 Wave—current interactions on a slowly varying topography. J. Geophys. Res.
88, 4421-4426.

Liu, P. L.-F. & Tsay, T.-K. 1983 On weak reflection of water waves. J. Fluid Mech. 131, 59-71.

Liv, P. L.-F. & Tsay, T.-K. 1984a Numerical prediction of wave transformation. J. Waterway,
Port, Coastal and Ocean Engrg. Div. ASCE. (to appear).

Liv, P. L.-F. & Tsay, T.-K. 19845 Refraction—diffraction model for weakly nonlinear water waves.
J. Fluid Mech. 141, 265-274.

Lozawo, C. & Liu, P. L.-F. 1980 Refraction—diffraction model for linear surface water waves. J.
Fluid Mech. 101, 705-720.

MapsgN, P. A. & WARREN, 1. R. 1984 Performance of a numerical short-wave model. Coastal
Engng 8, 73-79.

RADDER, A. C. 1979 On the parabolic equation method for water-wave propagation. J. Fluid Mech.
95, 159-176.

RocERrs, 8. R. & MEr, C. C. 1978 Nonlinear resonant excitation of a long and narrow bay. J. Fluid
Mech. 88, 161-180.

SKOvVGAARD, O., JonssoN, 1. G. & BERTELSEN, J. A. 1975 Computation of wave heights due to
refraction and friction. J. Waterways, Port, Harbors and Coastal Engng Div., ASCE 101, 15-32.

SKOVGAARD, O. & PETERSEN, H. M. 1977 Refraction of cnoidal waves. Coastal Engng 1, 43-61.

Tsay, T.-K. & Liv, P. L.-F. 1982 Numerical solution of water-wave refraction and diffraction
problems in parabolic approximation. J. Geophys. Res. 87, 7932-7940.

WaALIN, R. W. 1971 The limit of applicability of linear wave refraction theory in a convergence
zone. Res. Rep. H-71-3, U.S. Army Corps of Engrs, Waterways Expt. Station, Vicksburg, MS.

Yvug, D. K. P. & ME1, C. C. 1980 Forward diffraction of Stokes waves by a thin wedge. J. Fluid
Mech. 99, 33-52.





