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LINEAR SURFACE WAVES OVER ROTATING FLUIDS?

Discussion by James T. Kirby,2 Member, ASCE

The author has presented what is purported to be a model for both short
and long linear waves in a slowly varying, rotating domain. In the short-
wave, high-frequency limit with negligible rotation effects, the model equa-
tion recovers the mild-slope equation of Berkhoff (1972). However, in the
low frequency limit, the asymptotic form of the model reduces to

V- (ghVn) + w? [1 - <£> ] =0 (51)

This form is not a valid asymptote for the varying depth case. For the case
of long waves in a rotating domain, the governing wave equation is given

by

N + P — gV (WVm) — gff(h,m) =0 ... i (52)
where J = the Jacobian operator:
Jhym) = Bemy — BMe oo (53)

This equation follows from eliminating the velocities from the long wave
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equations, and can be found in standard texts [see, for example, Ped]osky
(1979)]. For the case of time-harmonic motions:

mx, ¥y, ) =, y)e™™ D (54)
(52) reduces to
V-(ghVn) + o? [1 - <£> :| M+ ig <£> Jh,m) =0 ........... (55)

It is clear that (55) differs from (51) in the inclusion of the Jacobian term.

Since the author’s primary example is for the case of tidal waves being
scattered by an island with surrounding topography, the neglect of the
Jacobian term puts the validity of the results in question. In particular, all
other things being equal, the Jacobian term approaches zero like (f/w) as
o increases, whereas the effect on the wavelength through the remaining
rotational term (and in the dispersion relation) vanishes more quickly, like
(f/m)2 It is of some interest to specify how small the bottom slope terms
in the Jacobian would have to be before that term could be neglected in
comparison with the remaining rotational term. Consequently, let L char-
acterize a wavelength, R and H characterize horizontal and vertical topo-
graphiclength scales, and g characterize a wave amplitude. We are interested
in the value of the ratio

g (£) s0nm

Nz (56)
e

and require N << 1 for the Jacobian term to be negligible. Substituting the
characteristic dimensions and using the dispersion relation (19b) together
with

02 = A e (57)
for long Poincaré waves, leads to
-1
L(f
N o= = L e
® <w> (58)

For the cases where rotation is important, f/o = O(1), and so we require
L/R << 1.

To use one of the author’s computations as an example, we consider the
case shown in Fig. 2. Correspondingly, we take the tidal period T = 6 hours,
f=10"%s"!  H = 4 km, the ocean depth, and R = 1,500 km, the radius
of the island. For these parameters, we get f/o = (.344 and hence rotational
effects are fairly weak. The wavelength L = 4,555 km. The parameter N
then has a value N = 8.83, which is far too large to justify the neglect of
the Jacobian term.

Finally, we remark that the model equation presented here would also
be invalid in the combined limit of high-frequency and rapid rotation for a
frame on a rotating sphere, although this combined limit has no geophysical
significance. The full set of acceleration terms for the general three-dimen-
sional case is given by (Daily and Harleman 1966)
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au _ v+ 2008w (59)

dt
dv
Z B U e e e (60)
dw
yrie 200 COS WU o v v ettt (61)

in contrast to the set given in (2)—(4). (Note that centripetal terms have
been absorbed in the hydrostatic pressure distribution.) The neglect of the
w term in (59) to obtain (2) is usually justified by assuming that the vertical
motions are weak relative to horizontal motions. This assumption is not
valid for the fully dispersive waves being considered. The use of this as-
sumption reduces the vertical momentum balance to the hydrostatic rela-
tionship; this step has not been taken. There is then no scaling argument
which could remove the remaining # term in the vertical momentum balance,
whereas it has been neglected by the author.
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Discussion by F. Mattioli?

The author derives an equation for the propagation of linear waves in a
rotating fluid, using an approach similar to that followed by Berkhoff (1976)
to derive the so-called mild slope equation for intermediate-depth waves.
However, his equation is different with respect to the equation derived by
Mattioli (1981a, b) for the same problem, but in the limit case of shallow
water.

In that case the starting equations were

—wwu + R X u+ gVl =0 . (62)
—wl + V-(hu) =0 .o (63)

where { = the surface elevation, u = the horizontal velocity, w = the
angular frequency, k the versor upwardly directed, and # = the water depth.
After suitable manipulation of the equations, one obtains

2
V-(hY,0) + ‘”—g—fag =0 ..... P P (64)
with the boundary conditions
2 _
o=~ T (65)
wwg

where fi = the unit versor outwardly directed along the boundary of the
basin. ’
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