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A Note on Linear Surface Wave-Current Interaction
Over Slowly Varying Topography

James T. KirBy?!

Department of Civil Engineering, University of Delaware

A mild slope wave equation is derived which governs the propagation of linear surface waves in the
presence of large ambient currents. The equatlon is shown to differ from two prevmusly derived models,
and arguments for the validity of the new version in comparison to previous versions are presented. A
linearized evolution equation and parabolic equation approximation are constructed in order to show
the correspondence between the present corrected version and a previously derived version of the

time-dependent Schrodinger equation.

1. INTRODUCTION
Recently, two studies have provided different versions of a
hyperbolic wave equation governing the propagation of waves
in the presence of varying depth and currents in the mild slope
approximation. The first derivation, given by Booij [1981],
resulted in an equation given by

0 oo
(6t +U- V,,) (E + V- (U(D)) —V,-(CC,V, D)

+(2—KCCHo=0 ()

Here, U(x, y) is the ambient current, V, represents a horizontal
gradient operator, and ®(x, y, t} is the surface potential (at
z =0, the mean water level) of the linearized wave motion.
The remaining coefficients are defined according to

o? =gk tanh kh k= k| 2

w =0+ kU= absolute frequency 3)
© C=okk @

C, = da/ok 5)

Equation (1) may be rearranged slightly into the form

DZ(DVU DVUQVCCV
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+(0? — kZCCg)(D =0 6)
where
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It can be shown that the third term in (6) arises in Booij’s
result due to the use of an incorrect form of the dynamic free
surface boundary condition, given by

oo
E+V,,-(U<I))+gr1=0

rather than the correct form given below in (16).
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Liu [1983] has provided a second derivation of the mild
slope equation and obtained the result

D*®

S — Vi (CCVi®) + (6% — K CC)0 = 0 0

which also neglects the second term in (6) due to limitations in
the procedure used to derive the equation,

The purpose of the present investigation is to demonstrate
that (6), after neglecting the third term, represents the correct
mild slope equation for linear wave motion. A derivation of
the equation using a Lagrangian formulation is provided in
section 2. Then, in section 3, it is shown that the conservation
equation for wave action follows directly from the correct
form of the wave equatlon without further assumption, and
the point of dlﬂ'lcultj in obtaining this relation from (7) is
illustrated. Finally, m»sectlon 4, a parabolic approximation is
derived and conSistancy with & previously derived, time-
dependent Schrédinger equation ’{or one-directional wave
propagation is shown.

2. THE MILD SLOPE WAVE EQUATION

Two scale parameters are established in order to facilitate
bookkeeping. The first is given by the Stokes wave steepness
parameter e = O(kA), where 4 is the wave amplitude. A second
parameter § = O(V,h/kh) is related to the rate of change of
depth over the space of a wavelength. The velocity potential
é(x, y, z, t) and free surface 5(x, y, t) appropriate to the as-
sumption of & 6 « 1 and & = 0(¢) may be obtained through
the expansion procedure of Chu and Mei [1970] after allowing
for currents of 0(1) and are given by

§ = 5719u(0x, 3y, 30) + 6dy(x, 3, 2, D) + 0  (8a)
1 = no(0x, 8y, 8) + eny(x, ¥, 1) + Oe?) (8b)
Here, ¢, is the potential for the 0(1) mean current,
U(x1 ,V, f) = Vh¢0 (9)
and ¢, is given by i
¢, = — é‘q— fAe™ + complex conjugate (10)
o 1
where
_cosh k(h + z)
f(0x, 6y, 2) = osh Kh (11
0
k=vVy = — a—lf (12)
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The potential ¢ for a general wave motion in the mild slope
approximation can then be written as

¢=¢0+£f<l)(x, Y t)

The variational principle governing irrotational fluid motion

is given by [Luke, 1967]
7 1
L= -[ {qﬁ, + = (V¢)® + gz} dz

5-[J:de dz;=
(14

where h, is the local depth with respect to still water level. The
limit of integration h,, n may be shifted by defining the local
depth with respect to mean water level: h = hy + 5, The
upper limit is shifted to en,. In (14), V is a three-dimensional
gradient operator. After substituting (8b) and (13) into (14),
performing the integration over depth, and expanding the re-
sulting expression in Taylor series about the 0(1) mean water
level, terms of 0(¢?) are collected to yield the expression

Do (CC, s o @2
+ 14 Dt+( )(V,,cb) + (6% — k*CC, %

(13)

LO(?) = g”‘

[, (a’)

Varying L with respect to 7, yields the free surface boundary
condition

2 0
(Vh)? dz 3+{ S g - Vih dz: vhq)} (15)

D®

gm = — 5

Dt (16)

Varying L with respect to @, performing the partial integra-
tion, and invoking the arbitrariness of variations d® yields

0 cC L
— SV, (Un) =V, ( ’Vhd>)+(”—’)¢
ot g g

- (o 2 20 Y 2
_{—J: ( )(V,,h) dz +ah[ T dz:I(V,,h) }o
)]

The right-hand side of (17) is formally of 0(62) and may be
dropped. Using (16) to eliminate n, gives

D*®

Dd
4V, U —
Dt2+("U)Dt

~V,+ (CC,V;®) + (6 — k*CC,)0 = 0
(18)

which is the final form of the wave equation. Booij [1981]
would have obtained (18) if he had used the correct form of
the free surface boundary conditions in his derivation of the
Lagrangian L.

3. CONSERVATION OF WAVE ACTION

The conservation law for the wave action ¢, defined ac-
cording to

o =4pgA?le (19

follows directly from (18) without further approximation. The
potential @ is written as

ig7'\®=Re® R=Afs (20)

and R and y are taken to be purely real quantities. After
substituting (20) into (18), the properties of R and ¥ may be
used to set real and imaginary parts of the resulting expression
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equal to zero. The imaginary part of (18) is then given by

? oR
a—"R+2 = +20U-V,R +V, - (GUR + V- kCCIR

+2CCk-V,R=0 21

If (7) had been taken as the starting point, the fourth term in
(21) would have been replaced by (U - V,0)R; the following
steps would then not lead to the correct result. After multi-
plying by R and noting that

kCC, = (kC)(Cg %) =0oC, (22)
(21) becomes
% (6R?) + aU - V|(R?) + 6C, - V,{R}) + V, - (sU)R?
+V,-(cC)R? =
or
éa_t (6R*) + V, - (6R¥C, + U) =0 (23)

Upon using (19) and (20), the final conservation equation is
obtained:

% (o) + V, - (LC,+ U) =0 (24)

This has been shown to be the correct conservation relation
for an energylike quantity by numerous investigators, includ-
ing Whitham [1967] and Bretherton and Garrett [1968]. Equa-
tion (24) does not follow naturally from the wave equation
given by (7). The added term in (6) is 0(6%), and (24) follows
after neglecting it.

4. EvOLUTION EQUATIONS AND THE PARABOLIC
APPROXIMATION

As a further example, an evolution equation for linear
waves in the presence of a current is derived. Here, ® is as-
sumed to take on a slightly different form given by

. X
ig7i®=Re" Y= J k dx — wt 25
where x is the principal direction of propagation. Since the
processes of refraction and diffraction may turn the calculated
wave away from the x direction, R (or A) must be allowed to
be complex in order to absorb the difference between the as-

sumed and actual phase. Substituting (25) into (18) yields a
complex form of (21) given by

fo R
P R+20 R 20U VR +V, @UR + 20 g
ot o ox
oR\] DR DR
2 2 _w..Uu=
+ 206, (6x)} oz ~ VU

+V,-(CC,V,R) =0 (26)

This equation may be compared to the linearized form of
the evolution equation of Turpin et al. [1983] by considering
one-dimensional propagation with a colinear current, ie.,
0/dy =0, U = {U, 0}. Equation (26) then reduces to
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The linearized form of the evolution equation governing the
wave amplitude A follows by substituting for R:

oA 0 i 0 (C,+U\ 1do
(04 A if 8(C,+U\_1d0),
l{6t+(c”+U)6x}+2{66x( - ) oat}

10 (oo 0 (A _1 D% (4) 100D (A) o
t a5 \a ) 2D \s) 2ox Di\a) "
(27

The first two terms of (27) correctly model the transport of
wave action with the absolute group velocity (C, + U) in the
variable domain, and are equivalent to the leading order result
of Turpin et al. in a stationary reference frame, which was
obtained directly from the equations of motion using a multi-
ple scale expansion. The remaining terms represent dispersive
effects. Equation (26) represents the linearized, slow modula-
tion counterpart of the formulation of Djordjevic and Re-
dekopp [1978] extended to two horizontal dimensions and a
moving domain.

The parabolic approximation for linear plane waves in two
dimensions may be obtained from (26) by neglecting time de-
pendence and assuming that d/dx ~ &(0/dy). After further ne-
glecting terms containing U? in comparison to CC, (appli-
cable far from stopping points), the parabolic equation is
given by

|4 ko
2ikA 2ik| A
ikA, + 2i (C, " U) y

+1i
C,+ )
d (C,+U o (Vv
= —{— A
)50
+ k (CCA,),=0
a‘(Cg +U) ¢ tvly —
Results obtained using (28) and its weakly nonlinear
counterpart have been discussed by Kirby and Dalrymple
[19834], while the case of weakly nonlinear motion in the
absence of currents has been investigated by Kirby and Dalrym-
ple [1983b].

(28)
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5. CONCLUSIONS

A wave equation governing the propagation of linearized
waves in regions with varying depth and current has been
derived. This equation differs slightly from the equation given
by Booij [1981] due to errors in his derivation, and also differs
in a crucial manner from the equation of Liu [1983]. The
validity of the present equation has been demonstrated, first,
by showing that it correctly leads to the conservation equation
for wave action without further approximation, and second,
by demonstrating equivalence to the linearized form of the
evolution equation of Turpin et al. [1983], which is obtained
directly by perturbation expansion of the governing equations.
Additionally, a parabolic equation approximation for linear
waves on a current has also been provided.
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