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consistent with the phenomenon of self-defocusing as demonstrated by Kirby &
Dalrymple (1983) and, further, is in agreement with Yue’s (1980) results showing that
diffraction of waves into a shadowed region proceeds more quickly in the nonlinear
case. The reflected-wave amplitudes are quite similar for both cases, with a minor
increase in peak amplitude at the upwave end of the ripple patch being noted in the
nonlinear case.

Comparisons of normalized amplitude for the total wavefield along y = 0 and along
x = 3l are given in figures 9 (a) and (b) respectively, for the linear and nonlinear cases.
Differences are largely confined to an increase in transmitted wave height downwave
of the ripple patch in the nonlinear case, as discussed above.

The effect of diffraction in the present example may be estimated simply. If we
take the peak reflection along the centreline to be approximately R = 0.6 from figures
7 or 8 (b), we conclude that the transmitted amplitude downwave of the patch should

be T=(1—R) =08.

This value is in rough agreement with the linear result but underestimates the
nonlinear value of T =~ 0.9, again indicating the more rapid effects of diffraction in
the nonlinear case.

6. Discussion

In this study we have utilized a variational principle to develop a wave equation
governing the propagation of Stokes waves in a varying domain, after which use is
made of a splitting method to provide coupled equations for forward- and back-
scattered components of an initially plane incident wave propagating over uneven
topography.

The restriction to Stokes waves and the resulting constraints on water depth
relative to the incident wavelength makes it difficult to develop computational
examples which describe a significant reflection process arising over a short spatial
scale. Under the mild-slope conditions and the restriction to intermediate water
depths, it is likely that the gradual reflection process would be apparent only over
fairly long spatial scales. The inclusion of the undular bed formulation of Kirby (1985)
has allowed for the study of reflection by relatively rapid, small-amplitude bed
features.

For the case of shallower water, the Stokes-wave formulation is no longer valid,
and recourse must be made to appropriate equations such as the Boussinesq
equations. The parabolic approximation for a spectrum of steady (in time) forward-
scattered waves in the shallow-water regime has been provided by Liu, Yoon & Kirby
(1985); the development of a model for partial reflection in this case is straightforward,
owing to the lack of nonlinear coupling between incident and reflected waves at second
order, and will be the subject of a further investigation. Also of special interest is
the case where the incident-wave amplitude is modulated in space and time. The
treatment of ‘groupy’ waves is not approachable using the reduced wave equation
of §3; however, the general time-dependent model (2.15) may form the basis of such
an approach, after further accounting for terms arising owing to possible fast spatial
modulations of O(¢) in the amplitude functions. In this case, the ‘mild-slope’ nature
of the model may be retained by continuing the restriction that depth variations be
restricted to O(u = €2); the terms in the equation which depend on gradients of the
physical domain would be unaltered.
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Appendix A. Integrals of f functions

The integrals I are defined as the integral over total depth of an integrand f, and
may be expanded according to

I = Jw fdz= fdz+nf|o+172f’|° U fzzl°+
—n

= I’+7)I"+1721’”+773P" (A1)

Substitution of the expansion (2.4b) for # yields (2.7). The individual integrals and
required components are given by

Il=fjhfldz; r=1, 1;"=;’—;, b =, (A2)
11,1=f fAdz; 1;,1=C—;'£, I, =1, 1;j1=%2, (A3)

E, J frdz; B = —';2(-79&, 2, —‘;’Z , 1;:"1='“2g“’2, (A 4)
e e oty
11,2=f_"hflf2dz; 1;’,2=%, (A 6)
I§,2=thlzf2zdz; Iij’2=$, (A7)

12,2=f_" fidz; 1;,2=%‘£%{smh2kh+%&}, (A 8)
L,= J fidz; IZ,= %s?%h?lfkﬂ{ osh? kh— %E} (A9)

Appendix B. Components of the primitive Lagrangian L

The Lagrangian L is expanded as a series in powers of the wave-steepness parameter
€ without regard to the relative size of the modulation parameter u. After expanding
7 and the integrals [ in (2.6), the individual components of L in (2.8) are given by
(after dividing out the constant density p)

L, = —igh?, (B1)
L =1¢,, (B 2)
L, '—Lg"71+1,1,7719§1¢+11 13( vhél +11 13( (51 +h(¢2¢ Ye) +I ézgv (B3)
Ly = gy (s +by) + L[ (9, +b,) §, + I 12 o, + 01 (b2,— 72)

+ Iy o+ 15 0y MV B2+ I 2V B V@ + 1,V B0V, 6

+E i B+ 4,8, (B 4)
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Ly = $g(n, +by)*+ (n,+by) 5, + 207 1, (1, + b,) §1,+ V93 8,
+ Iy +by) Go,+ I 12 By + 17 (1, +6,) 3V, B1)?
+I’1”177 Vh¢51 +12 23( Vh$2)2+h1 Vh¢2)2+11 2771Vh$1 Vh$52
1 Vi By Vi o+ I,V G Vi 6+ I (1, + by) M B2+ I 2 A
+ I 4B + I 1§y o —7a(ma +by). (B 5)

Appendix C. General form for O(¢®) term in wave equation

The term {N.L.T.} in (2.15) is given here in terms of ¢,, @,, (4,+b,) and ¢;. The
first-order surface #, has been eliminated through use of (2.9). Further, we have made
use of the fact that

(B1 Bl = (— 'y, —40°By) + O (), (1)
Vids 80) = (= 4y, —4k°6,) +Ou), (C2)
for both progressive and standing waves. {N.L.T.} is then given by
_f —gk? 20)2102 . . .
{(NLT}= {coshz o (e +by) + (,,)2— k* tanh? kh(g,)

8k?
—k? tanh?® kh(V,, §,)*— sinh?kh Z } 2

4k?(1 —2 sinh? kh) k tanh kh

somkn et

+{—2k tanh kh 7, +

(% 42} 6,

k tanh kh cosh 2kh
+{9Vn(ﬂz+bz) +T Vi( f,)-m Vi (52,}'Vn é,
, 2cosh2kh
+{_2Vh¢2 th¢} Vo d., (C3)

where we have substituted for all /-values from Appendix A.
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