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6 be expressed as the sum of forward- and backward-propagating waves : 
We now follow a simple scheme for obtaining the coupled parabolic equations. Let 

= $++$-. (4.7) 

$: = iy$++F($+,$-), 6, = -iy$--4$+,4-),  (4.8) 

We then assume the coupled equations : 

where the coupling term F is unknown. Repeated substitution of (4.8) in (4.3) finally 
yields 

(4.9) 
(YP), 
2YP 

F ( $ + , $ - )  = -- ($+ -$-), . -  
which may be expanded to give 

(4.10) 

to leading order in (k6). The coupled equations in expanded form are given by 

We introduce the complex amplitudes A,  B according to 

4- - igBe-iko2 
0 

where k, is a reference wavenumber. (4.11) and (4.12) become 

2ikCCgAx+{2k(k- k,) CCg+i(kCCg),+2wS2‘[2k6-i6,]}A 
4052’ + (CCp AJY -7 (SA,), = { i( kCC,), - 2iwS2‘6,) B e-2iko ,, (4.13) 

2ikCCg B, + { - 2k( k - k,) CC, + i ( kCCg), - 2052’[2k6 + iS,]} B 

(4.14) 

The correspondence between the present equations and the simple results of $3.1, 
for a one-dimensional patch of ripples and normal incidence in water of otherwise 
uniform depth, may be seen by substituting for 6 in (4.13)-(4.14) using (3.11) and 
neglecting all non-resonant interactions. 

4wQ‘ 
- (CC g B Y Y  ) +k (6BY)Y = {i(kCC,),-2i6~SZ’S,}Ae~’~o~. 

The resulting equations are 

C, AX-iS2‘(2kS-i6,)A = -0‘6, Bepzikx, 

C, BX+iS2’(2k6+i6,)B = -Q‘6,AeZikx, 
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FIGURE 7 (u, b ) .  For caption see next page. 
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FIQURE 7. Amplitude contours with respect to incident-wave amplitude ; waves propagating over 
two-dimensional ripple patch. (a) Incident wavefield I A / A ,  1 ; (b) reflected wavefield 1 B/A,  I ; ( c )  
total wavefield. - - -, bottom contours; -, amplitude contours. 

or Cg A ,  = -Q, B 
CgB,  =-SZ,A 

}+rapidly oscillating terms. (4.15a, b )  

(4.15a, b)  are equivalent to  (3.5)-(3.6) after neglecting time dependence and after 
accounting for a 90' phase shift in ripple position wit,h respect t o  x = 0. To recover 
the original form, introduce a phase of e?'" in B and rewrite (4.15). 

Note that the equations developed by Mei neglect diffraction effects as well as the 
coupling between the forward- and backward-propagating waves over the slowly 
varying depth. The present equations include these effects. Further, they reduce to 
a set of equations which are essentially similar to those of Liu & Tsay (1983) when 
S is neglected. 

I n  the following example, (4.13)-(4.14) are discretized according to the Crank- 
Nicolson method. The solution technique is equivalent to that used by Liu & Tsay; 
hence, the details are omitted here. 

We construct a two-dimensional patch of ripples of finite extent in the x- and 
y-directions. Ripples with length 1 are aligned with crests parallel to the y-axis. The 
patch is symmetric about the x-axis and has overall dimensions of nl and 2nl in x 
and y, where n is the number of ripple wavelengths. The topography is given by 
h = constant and 

The computational domain is given by -3  < x/1 < 3 and 0 < y/l < 6. The ripples 
are similar to  those of figure 3, with D / h  = 0.32 and n = 4. Results were computed 
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for the resonant case 2 k l A  = 1 and are plotted along with the bottom contours in 
figure 7 ( a )  (for incident amplitude I A I), 7 ( b )  (for reflected amplitude I B I), and 7 ( c )  
(for the total wavefield). 

The present results were obtained using four iterations of the forward-backward 
calculation, which was sufficient to provide a reasonable degree of convergence. As 
in $3, a grid spacing of Ax = Ay = $1 was used. Unfortunately, no laboratory data 
exists to test the two-dimensional model; verification was limited to checking that 
results of the coupled parabolic model are equivalent to results using the elliptic model 
for the one-dimensional cases studied in $3. 

The use of a parabolic approximation implies that wave propagation should be 
confined to some narrow band around the principal (x-)direction. This indicates that 
the amplitude contours which have spread far to the side of the ripple patch (as 
apparent in figures 7 (b, c ) )  involve some error. However, the major portion of the 
backscatter in this example is directly upwave along the x-axis; the spread of 
reflected-wave energy to the side is relatively unimportant. An indication of the 
amount of error in placement of amplitude contours due to over-constraint of lateral 
spread of energy may be obtained from Dalrymple, Kirby & Hwang (1984), who 
tested the parabolic equation in the context of diffraction by a semi-infinite 
breakwater. 

5. Conclusions 
This study has provided a general wave equation for linear surface waves in 

intermediate depth, which extends the range of applicability of the mild-slope 
approximation by providing for relatively rapid undulations in depth. Deviations 
from the mean, slowly varying depth must be small in relative amplitude but may 
be of any arbitrary form. The present results thus extend the previous analytic results 
for sinusoidal topography, and make i t  possible to handle directly physically realistic, 
one- or two-dimensional bed forms. 

Although the results of $3 show that the small-amplitude theory is able to predict 
physically realistic results for wave reflection over bed undulations with amplitudes 
as large as 32 % of the mean depth, it is expected that some limitation to the present 
theory would occur with increasingly higher bed forms. The limitations of the 
small-amplitude theory are being investigated using a boundary-integral approach 
for bottom undulations of arbitrary height ; results of this analysis will be reported 
separately. 

This work was supported in part by the Office of Naval Research, Coastal Sciences 
Program. The author is grateful to Professor R. A. Dalrymple for several 
conversations. 
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