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Fieure 2. Normalized amplitude vs. distance from centreline; circular shoal: ——,
linear result; —, &, 4, = 0.32, solution of (2.22).

on the initial conditions, and the asymptotic state in qualitative similarity to the Airy
function of linear theory may not result, particularly in the event that a jump
condition with little or no reflection of the incident wave occurs.

As a test of this hypothesis, two geometries given by a = 15° and a = 25° were
tested, with incident wave steepnesses of k, A, = 0.1 and 0.2. Results for « = 15° and
o = 25° are presented in comparison to linear theory in figures 3 and 4 respectively,
where normalized amplitude perpendicular to the line of symmetry y = 0 are plotted
for kyx = 40, 80, and 120. For the case of @ = 15° and k, 4, = 0.1 (figure 3a), the
nonlinear wave field evolves in a qualitatively similar manner to the linear waves,
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FiGurE 3. Submerged depression, @ = 15°. Plot of normalized amplitude vs. distance from centre
of depression: {a) k, 4, = 0.1; (b) ky A, = 0.2; ———, linear theory; , solution of (2.22).

with the presence of a reflected wave and a relatively slight reduction of wave
amplitude in the neighbourhood of the caustic being apparent. For a = 15° and
ky A, = 0.2 (figure 3b), however, the reflected wave is not as apparent, and a broad
region of waves which are slightly higher than the incident wave develops in the
vicinity of the caustic. In addition, wave amplitude decays much more slowly in the
linear shadow zone.

The result of nonlinearity is even more accentuated in the results for « = 25°, where
little reflection of the incident wave is apparent for either incident steepness. In order
to accentuate the qualitative differences between the linear and nonlinear results,
plots of the instantaneous surface for the linear result and for &k, 4, = 0.2 are given
in figures 5 and 6 respectively, for a wedge angle of @ = 25°. It is apparent in figure
6 that a broad wave crest travelling parallel to the caustic region has developed.
Peregrine (1983) argues that this wave crest must continue to grow in width since
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Ficure 4. Submerged depression, a = 25°. Plot of normalized amplitude vs. distance from centre
of depression: (a) ky 4, = 0.1; (b) &g Ay = 0.2; ———, linear theory; , solution of (2.22).

the wave energy flux continually incident on the jump boundary cannot be balanced
by the flux in a jump of constant width and height unless total reflection of the
incident wave occurs. It is therefore unlikely that the wave field will evolve into its
asymptotic state.

A possible explanation for the relatively stronger nonlinear effect in the & = 25°
cagses as compared to the a = 15° cases lies in the increased amount of time (or
distance) that the o = 25° wave must spend in the vicinity of the caustic as it is turned
and reflected by the refraction process. Results not presented here indicate a similar
increase in nonlinear effect when the slope of the bottom is decreased, leading to a
spatially slower refraction process and longer residence of waves in the vicinity of
the caustic.
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FicUrE 5. Instantaneous surface, linear theory. Contour increments are 0.54,. Inclined line
indicates location of top of slope.

5. Discussion

We have shown that the effects of amplitude dispersion and weak wave-wave
interaction can significantly alter the structure of a wave field in the vicinity of
caustics of the linear theory, where amplification of the incident wave leads to the
onset of nonlinear behaviour. In particular, the wave jump between two adjacent
wave states, as described by Peregrine (1983) and documented clearly in the
Mach-reflection results of Yue & Mei (1980), is seen to occur in several situations where
refraction leads to the presence of wavetrains intersecting at small angles. These
results have implications for the prediction of wave fields in nature, where irregular
bottom topography and current distributions routinely lead to caustics or irregular
focusing in the ray approximation. Since principal interest is often focused on the
potential effects of storm waves with large steepness, it is possible that the ray theory
or even the linear refraction—diffraction correction would result in misleading
predictions in some instances.
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FicUrkg 6. Instantaneous surface, k, 4, = 0.2, solution of (2.22).

The present theory is, of course, not without its limitations. A principal limitation
is that the Schrédinger equation should correctly be used to study modulations
occurring over a large number of wavelengths; situations where focusing occurs over
the space of only several wavelengths are known to produce free harmonics as the
dominant nonlinear effect, and these are not represented in the present theory. Also,
the neglect of time dependence of 4 and the imposition of the slow (O(e?)) scale for
variations in the direction of propagation precludes the study of wave instabilities,
such as that of Benjamin & Feir (1967), which may be induced either by the fairly
rapid changes in wave conditions at the location of jumps, or by the slow,
refraction-induced wave modulations oceurring over a slowly varying bottom.

Very little controlled laboratory data exists for the testing of the above predictions.
The Mach reflection has been the most heavily investigated phenomenon; see the
article by Wiegel (1964) for early results. In the case of waves in the vicinity of
caustics, most experimenters have studied small-amplitude waves with the intent of
verifying linear wave models; a similar effort may be required in order to provide
results applicable to nonlinear models. Several data sets exist which describe waves
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focused into a cusped caustic by submerged shoals; these experiments are typically
constrained by basin dimensions, and the experimental regions of focused waves
typically develop over a small number of wavelengths. Despite this seeming violation
of the scaling assumptions involved in the parabolic approximation, preliminary
indications are that the parabolic equation is capable of accurately modelling wave
amplitudes in regions of relatively rapid focusing. Comparisons with the data of
Whalin (1971) (Liu & Tsay 1983b6) and Berkhoff et al. (1982) will be the subject of
subsequent investigations.

This work was sponsored by the Office of Naval Research., Coastal Sciences
Program. The authors would like to thank Dr D. Howell Peregrine for providing a
copy of his manuseript, which provided explanations for several of the effects that
were studied here from a purely numerical basis. The authors would also like to
acknowledge Prof. Philip L.-F. Liu for his discussions on the subject.
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